For the case of a homogeneous soil, characterized by the critical velocity v;, as follows from the results of
[3], this limit as h — is equal to 2q/ v; (the values of h, ¢, and v, are dimensional).
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PROPAGATION OF A TWO-DIMENSIONAL PLASTIC WAVE
IN A MEDIUM WITH NONLINEAR UNLOADING

N. Mamadaliev and V. P, Molev UDC 539.374:534.1

The plane stationary problem about the effect of a moving load on a nonlinearly compressed half-plane is
considered.

The case of linear loading and unloading of the medium has been examined in [1, 2]. The solution of the
problem obtained in [1] by conformal mapping holds in the case when the propagation velocity dl of the unload-
ing strains exceeds the velocity of loading motion. This problem is solved in [2] without constraints on the
velocity @, by the Mellin integral transform method for the triangular load case.

The influence of nonlinear properties of the half-plane material on the propagation of shock-wave pro-
cesses therein is studied by the numerical method of characteristics and analytically in this paper.

The computational scheme proposed can be used to determine the parameters of an inhomogeneous me-
dium for different profiles of a given load.

Let a decreasing normal load move monotonically at a constant velocity D exceeding the propagation
velocity of the loading —unloading strains of the medium over the surface of a half-plane. The load profile does
not change as the wave propagates. The medjum filling the half-plane possesses such mechanical properties
that the relation between the pressure p and the volume strain ¢ is nonlinear and irreversible during loading
and unloading, where dp/de > 0, d%p/de? > 0 and the slope of the unloading branch of the p ~ ¢ diagram exceeds

the slope of the loading branch.

In this case, a shock with the curvilinear surface 3 will be propagated in the half-plane, and the pertur-
bation domain will be bounded by the front = and the boundaries of the half-plane. It is assumed that the medi-
um is loaded instantaneously at the front £, while unloading occurs in the perturbed domain behind the front.

The relationships
g ~= p* (@ —wn), peaVn = D¥, ve =0 (¢ = Dsina) (1)

hold on the surface of strong discontinuity ¥ from the mass and momentum conservation conditions. We repre-
sent the equation of state of the medium in the form of a polynomial:

p¥* = o 8% -+ o,e¥l,

We have
ou 1 9p ov 1 dp
D6§+—p—6§_0’ D+ 0, @)
8 @ dr -
D'agp(?“‘oﬁ)“o p=p* 4 Bule — %) - Pyle —e¥)?
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in the unloading domain in the moving coordinate system ¢ = Dt +x, 5 =y, and the boundary condition has the
form

foon=0,E>0 p=/fE), @)
where f(¢) is 2 known monotonically decreasing function.

Let us introduce the following: D is the velocity of the moving load, « is the shock-propagation velocity,
a;=cp= B1/p is the propagation velocity of the unloading strain for the case 8, = 0, p is the pressure, ¢ is
the volume strain, I is the shock front, p is the density of the medium, t is the fime, x and y are fixed
Cartesian coordinates, ¢ and n are moving Cartesian coordinates, V is the mass flow rate of the medium, u
and v are the velocity projections on the ¢ and n axes, ¢ is the velocity potential, v} and v? are the normal
and tangential components of the mass flow rate V of the medium to the front %, p; is the maximum value of the
moving load, ¢ is a dimensionless coefficient, b is a dimensional coefficient, ay, o4, By, and B, are constants,
« is the slope of the shock front £ to the half-plane boundary, tana, is the tangent of the angle of front incli-
nation ¥ to the 0¢ axis at the origin, and the parameters of the medium referring to the front & are denoted
by a superscript asterisk.

As has been mentioned above, the method of characteristics is used to solve the problem, and the main
relationships on the characteristics are presented in [3] for the case of a nonlinearly compressible medium.

The problem for a specific medium structure [4] is realized on an electronic computer for a load vary-
ing along ¢ according to an exponential law of the form

(&) = po exp (—0.1%)
where
a, = 12,127.10%, a, = 58.73-10%, §; == 9.016-107,
B, == 19-10%, p, = 105 kg/cm?,

and the results of the computations are represented in Figs. 1-6, where the solid lines refer to the case a, =
B, # 0, the dashed lines to 8; = 0, and the dashed—dotlines to oy = 8, = 0. The parameters of the medium in
Figs. 1-3 are presented in dimensionless form relative to their maximum value and the coordinates ¢ and 7,
relative to unit length.

It is seen from Fig. 1 that the pressure p* and the velocities u* and v* on the front damp out in an es-
sentially nonlinear manner depending on the depth 5. If turns out that each material point of the half-plane is
in a more stressed state because of the nonlinearity of the medium properties than in the case @, = §, = 0.
The difference between the parameters computed according to linear (a, = 8, = 0) and nonlinear (a; # 8, # 0)
theories is 20-30% on the average, which shows the need to take account of the nonlinear processes occurring
in the medium.

Analyzing the dependences presented in Fig. 2, it can be noted that the velocity components u and v
drop monotonically (the pressure is given) on the boundary of the medium 5 = 0 along £.

The curve of the dependence of the vertical velocity component v on £ for oy = 8, = 0 lies above the curve
referring to the case 8, = 0, and the curve computed for the nonlinear case lies below this curve. For ¢ > 30,
when the pressure becomes negligible, the curves for v agree for 8, = 0 and a, = 8, = 0. The curves for u are
obtained identical to the accuracy of the line thickness everywhere on the half~plane boundary in all cases.

Curves 1-3 in Fig. 3 show the changes in the parameters of the medium at the sections ¢ = 0.5, 1, 3,
respectively, depending on the degree of wave propagation, which asymptotically reaches its maximum value
(on the front) represented by the curves 1 for the two cases considered above.

Hence, let us note that the quantities p and u are obtained somewhat higher, and the curves for v have
intersections, in the case of nonlinear, as compared with linear, unloading.

The change in the tangent of the angle of shock-front inclination to the medium boundary is shown in Fig.
4, where it is noted that the nonlinear properties of the material of the medium result in curving of the wave
front and the front velocity damps out along the depth of the half-plane. The greatest slope for fixed ¢ corre-
sponds to the case of nonlinear loading and unloading of the medium. The curve corresponding to the case of
just nonlinear loading lies below the curve of nonlinear loading and unloading, while the straight line refers to
linear theory.

233



1‘0 ; _......__.T—; ‘-E-—--‘ ,’0 | ’726".: v ; J
NS sga* T \-\ 4 : i \ I
NS s 4, " 0,5 3
0,5 —— 2 o, = il 5=
, \I'.. \*'Z--\ \\QE: i’:-— — ';,—,:;--"‘3::“"‘ —~
A - 0! P T — ol ! 2 3 4 n
0 3 10 70 —30 3 e e N
H n \\ R e W
uE e sl L ]
-0,5 ./.J/Y, 0,5 A4 -0,5 - /_.\V/
- . -~ ! -
A== . /
.//‘/ i 1,0 -1,0 >
-1,0 — ~h b=
==p
Fig. 1 Fig. 2 Fig. 3

Therefore, the nonlinear dependence between the parameters of the medium p and & results in broadening
of the perturbation domain.

" The dependence-between the maximum value of the vertical mass flow rate component viax and tano
of the front is presented in Fig. 5, which confirms that if the wave front tends to the boundary of the medium,
then vy grows.

The dashed line with circles presented in Fig. 6 corresponds to the distribution of the pressure p* along
the front = for B, = 0 for the case of approximating the loading branch of the p ~ ¢ diagram by a chord passing
through the points p = 0 and p = p,. Depending on 7, this pressure curve is located above the pressure curve
for nonlinear loading.

Therefore, it is shown in an investigation of the influence of the nonlinear dependences between the
parameters of the medium on the stress wave propagation therein by the method of characteristics that the
nonlinear dependence between p and e results in broadening of the perturbation domain — to enlargement of
the pressure and velocity in comparison with linear theory. In this case, the parameters p, u, and v as well
as the shock-propagation velocity in the medium under consideration become monotonically decreasing func-
tions of the depth of the half-space.

An investigation of the system of equations (2) showed that the problem can be solved by an analytical
method for 3, = 0. Indeed, substituting the first equation of (2) into the third, we obtain a wave equation for
the velocity potential ¢:

2 a2 . D2 B
p'zgg_?_ﬁ%’z (p,2=—c%——l, cpzT’), “@
which has a solution of the form
(&, m) = fi(8 — pn) + £o(E + pn) ®)

for D = cp- Here, the unknown functions f; and f, should be determined from the boundary condition (3) and the
condition (1) on the wave front. It is proposed to solve this problem below by a reverse method, i.e., the wave
front ¥ is given by a definite shape of the surface and the appropriate loading profile is determined during solu-
tion of the problem. In this case we obtain a Cauchy problem for (4) within a curvilinear sector £0%, since if
the surface of the front £ is given (in this case the front velocity is considered a function decreasing with the
depth of the half-plane), then, taking account of (1), all the parameters, including the velocity components u
and v thereon of the medium, will be known variables and have the following form for n = n(£):

. D2 ., . Jod i . . sy 12D . oy
u—_:gg-z—Dsm2a(§)[p~‘:;2—smzoc(;)-—ﬁ], v—.:Ta%’.:Dsmcc(i)»osa@)[—"%—smzo&(i‘——a—2 ) 6)
TABLE 1
3 u* p* p*

I I I I I I

0 —1,644 —1,644 _13,100 13,100 105 105

0,2 —1,635 —1,633 13,040 13,02 104,412 104,2

0,4 —1,822 —1,621 12,953 12,95 103,542 103,5

0,6 —1,610 —1,610 12,876 12,87 102,787 102,8

0,8 —1,598 —1,598 12,800 12,80 102,038 102,0

1,0 —1,587 —1,587 12,725 12,73 101,293 101,3

Note. I) Numerical method of characteristics; II) analytic method.
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TABLE 2
3 u v, 14
I [ 15 I 1L 1 ir
0 —1,644 —1,644 13,100 13,100 105 105
0,2 —1,810 —1,613 12,944 12,94 102,924 102,979
0,4 —1,581 —1,581 12,780 42,78 100,882 100,937
0,6 —1,550 —1,554 12,624 12,62 98,888 99,021
0,8 —1,519 -—1,520 12,466 12,47 96,928 97,042
1,0 —4,490 —1,490 12,314 12,32 $5,009 05,127
Note. I) Numerical method of characteristics, II) analytic method.
where 7(¢) is the equation of the front surface. Using (6), from (5) we find
z;
Filzg) = = 2 S‘tg A G L Riga[F, (Zzi)]} ®; (1) dz;, )
2R 5 {1+t [F, (2]}

where ®(zi) = (oD% oy — ;/ ay) tan’* a[Fi(z1)] — &,/ as Fi(zj) is the root of the equation & = un(¢) = zj; the
upper sign in (7) is taken in the case i = 1. Therefore, taking account of (7) and (5), an analytic solution of the
problem is obtained in the domain £0%. If this solution is substituted into (3), then a monotonically decreasing
load profile with a sharp front at the origin should, in principle, be obtained and the process of unloading the
medium should be realized in the perturbed domain. The results of computations show that the unloading pro-
cess can be achieved in the sector £0Z if the velocity of the wave front ¥ is a damping function over the half~
plane depth (as is required to prove). An analogous reverse method can be applied in the problem of the un-
loading wave [5].

As an illustration of the method, the case when the surface T of the wave front is given in the form of a
second-degree polynomial is considered:

N(E) = tg - & — (B/2)E% (8)

The results of computations of the analytic method with (8) taken into account for tana, = 0.1255, b =
0.86 - 1072 and of the method of characteristics elucidated above are presented in Tables 1 and 2, from which
it is seen that the results obtained by using both methods are in satisfactory mutual agreement, and the load
profile f(¢) found by the reverse method is monotonically decreasing along &.

The authors are grateful to Kh, A. Rakhmatulin for discussing the results of this research.
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