
For  the ease  of a homogeneous soil,  charac te r i zed  by the cr i t ical  velocity v0, as follows f rom the results  of 
[3], this l imit  as h ~  is equal to 2 q / v  0 (the values of h, q, and v 0 are  dimensional). 
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PROPAGATION OF A TWO-DIMENSIONAL PLASTIC WAVE 

IN A MEDIUM WITH NONLINEAR UI~LOADING 

N. M a m a d a l i e v  a n d  V.  P .  M o l e v  UDC 539.374:534.1 

The plane s ta t ionary problem about the effect of a moving load on a nonlinearly compressed  half-plane is 
considered.  

The case  of l inear  loading and unloading of the medium has been examined in [1, 2]. The solution of the 
problem obtained in [1] by conformal  mapping holds in the case  when the propagation velocity a 1 of the unload- 
ing s t ra ins  exceeds the velocity of loading motion. This problem is solved in [2] without constraints  on the 
velocity al by the Mellin integral  t r a n s f o r m  method for the t r iangular  load case. 

The influence of nonlinear proper t ies  of the half-plane mater ia l  on the propagation of shock-wave p ro -  
ce s ses  there in  is studied by the numerica l  method of charac te r i s t i c s  and analytically in this paper. 

The computational scheme proposed can be used to de termine  the pa ramete r s  of an inhomogeneous me-  
dium for different profi les of a given load. 

Let a decreas ing  normal  load move monotonically at a constant  velocity D exceeding the propagation 
velocity of the loading-unloading  s t ra ins  of the medium over  the sur face  of a half-plane. The load profi le does 
not change as the wave propagates.  The medium filling the half-plane possesses  such mechanical  proper t ies  
that the relat ion between the p r e s s u r e  p and the volume s t ra in  e is nonlinear and i r r eve r s ib le  during loading 
and unloading, where  dp/d~ > 0, d2p/d~ 2 > 0 and the slope of the unloading branch of the p ~ ~ d iagram exceeds 

the slope of the loading branch. 

In this case ,  a shock with the curvi l inear  surface  Z will be propagated in the half-plane,  and the pe r tu r -  
bation domain will be bounded by the front Z and the boundaries of the half-plane. It is assumed that the medi-  
um is loaded instantaneously at the front Z, while unloading occurs  in the per turbed domain behind the front. 

The relat ionships 

p0 a .... 9*(a--v,*~), poav,:--p*, v~ ~0 ( a = D s i n a )  (1) 

hold on the sur face  of s t rong discontinuity ~. f rom the mass  and momentum conservat ion conditions. We r e p r e -  
sent the equation of state of the medium in the form of a polynomial: 

We have 

Ou , t Op Ov ~ t Op ~ 0 ,  
D ~ < - - ~ - - ~ = O ,  Do~ ,-6-~-r (2) 
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in  the  u n l o a d i n g  d o m a i n  in  t he  m o v i n g  c o o r d i n a t e  s y s t e m  ~ = Dt + x ,  ~ = y ,  and the  b o u n d a r y  cond i t i on  has  the  

f o r m  

fo~ ~ = 0, ~ > 0 P = / ( ~ ) ,  (3) 

w h e r e  f(~) is  a known m o n o t o n i c a l l y  d e c r e a s i n g  funct ion.  

L e t  us i n t r o d u c e  the  fo l lowing:  D is  the  v e l o c i t y  of t he  m o v i n g  load ,  a i s  t he  s h o c k - p r o p a g a t i o n  v e l o c i t y ,  
a t = Cp = f i l /P  i s  t he  p r o p a g a t i o n  v e l o c i t y  of  t he  un load ing  s t r a i n  f o r  the  c a s e  f12 = 0, p is  the  p r e s s u r e ,  e is  
the  v o l u m e  s t r a i n ,  X is  t he  s h o c k  f ron t ,  p is  t he  d e n s i t y  of the  m e d i u m ,  t i s  the  t i m e ,  x and y a r e  f ixed  
C a r t e s i a n  c o o r d i n a t e s ,  ~ and ~/ a r e  m o v i n g  C a r t e s i a n  c o o r d i n a t e s ,  V is  the  m a s s  f low r a t e  of  the  m e d i u m ,  u 
and v a r e  the  v e l o c i t y  p r o j e c t i o n s  on the  ~ and ~ a x e s ,  ~ is  the  v e l o c i t y  p o t e n t i a l ,  v~ and v z a r e  the  n o r m a l  
and t a n g e n t i a l  c o m p o n e n t s  of  t he  m a s s  f low r a t e  V of  t he  m e d i u m  to t he  f r o n t  E, P0 i s  t he  m a x i m u m  va lue  of  the  
m o v i n g  l o a d ,  tt is a d i m e n s i o n l e s s  c o e f f i c i e n t ,  b is  a d i m e n s i o n a l  c o e f f i c i e n t ,  a 1, a2 ,  i l l ,  and fi2 a r e  c o n s t a n t s ,  
a is  the  s l o p e  of  the  s h o c k  f ron t  ~. to  the  h a l f - p l a n e  b o u n d a r y ,  t a n a  0 is  the  t a n g e n t  of  t he  ang le  of f ron t  i n c l i -  
na t i on  E to  the  0} ax i s  at  t he  o r i g i n ,  and the  p a r a m e t e r s  of  the  m e d i u m  r e f e r r i n g  to  the  f ron t  X a r e  deno t ed  
by a s u p e r s c r i p t  a s t e r i s k .  

As  has  b e e n  m e n t i o n e d  above ,  the  m e t h o d  of  c h a r a c t e r i s t i c s  is  u s e d  to  s o l v e  t he  p r o b l e m ,  and the  m a i n  
r e l a t i o n s h i p s  on the  c h a r a c t e r i s t i c s  a r e  p r e s e n t e d  in  [3] fo r  t he  c a s e  of  a n o n l i n e a r l y  c o m p r e s s i b l e  m e d i u m .  

The  p r o b l e m  for  a s p e c i f i c  m e d i u m  s t r u c t u r e  [4] is  r e a l i z e d  on an e l e c t r o n i c  c o m p u t e r  f o r  a load  v a r y -  
ing a long  ~ a c c o r d i n g  to  an  e x p o n e n t i a l  law of the  f o r m  

](~) : Po exp ( - -0 . t~)  

w h e r e  

a 1 ~: i2. t27.10",  a~ = 58.73.i03, ~i ::= 9.0t6't0:~, 

f~ --  19"t0~, P0 = t05 kg/cm2~ 

and the  r e s u l t s  of t h e  c o m p u t a t i o n s  a r e  r e p r e s e n t e d  in F i g s .  1-6 ,  w h e r e  t he  s o l i d  l i n e s  r e f e r  to the  c a s e  c~ 2 
f12 ~ 0, the  d a s h e d  l i n e s  to  f12 = 0, and the  d a s h e d - d o t l i n e s  to (~2. = f12 = 0. The  p a r a m e t e r s  of  the  m e d i u m  in 
F i g s .  1-3 a r e  p r e s e n t e d  in  d i m e n s i o n l e s s  f o r m  r e l a t i v e  to  t h e i r  m a x i m u m  va lue  and the  c o o r d i n a t e s  ~ and ~, 
r e l a t i v e  to  uni t  length .  

I t  i s  s e e n  f r o m  F ig .  1 tha t  the  p r e s s u r e  p* and the  v e l o c i t i e s  u* and v* on the  f ron t  d a m p  out  in  an e s -  
s e n t i a l l y  n o n l i n e a r  m a n n e r  d e p e n d i n g  on the  dep th  ~1. It t u r n s  out  t ha t  e a c h  m a t e r i a l  po in t  of  t he  h a l f - p l a n e  i s  
in  a m o r e  s t r e s s e d  s t a t e  b e c a u s e  of  t he  n o n l i n e a r i t y  of t he  m e d i u m  p r o p e r t i e s  than  in  the  c a s e  c~ 2 = f12 = 0. 
T h e  d i f f e r e n c e  b e t w e e n  the  p a r a m e t e r s  c o m p u t e d  a c c o r d i n g  to  l i n e a r  (~2 = fi2 = 0) and n o n l i n e a r  (~2 ~ f12 ~ 0) 
t h e o r i e s  i s  20-30% on the  a v e r a g e ,  w h i c h  shows  the  need  to  t a k e  a c c o u n t  of  t he  n o n l i n e a r  p r o c e s s e s  o c c u r r i n g  
in  the  m e d i u m .  

A n a l y z i n g  t h e  d e p e n d e n c e s  p r e s e n t e d  in  F ig .  2, i t  can  b e  no ted  tha t  t he  v e l o c i t y  c o m p o n e n t s  u and v 
d r o p  m o n o t o n i c a l l y  (the p r e s s u r e  is  given) on the  b o u n d a r y  of  t h e  m e d i u m  ~ = 0 a long  4. 

The  c u r v e  o f  t he  d e p e n d e n c e  of  the  v e r t i c a l  v e l o c i t y  c o m p o n e n t  v on ~ fo r  a2 = fi2 = 0 l i e s  above  the  c u r v e  
r e f e r r i n g  to  t he  c a s e  f12 = 0, and the  c u r v e  c o m p u t e d  f o r  the  n o n l i n e a r  c a s e  l i e s  be low th i s  c u r v e .  F o r  ~ > 30, 
when  the  p r e s s u r e  b e c o m e s  n e g l i g i b l e ,  t he  c u r v e s  fo r  v a g r e e  for  fi2 = 0 and a 2 = fi2 = 0. The  c u r v e s  fo r  u a r e  
o b t a i n e d  i d e n t i c a l  to  the  a c c u r a c y  of the  l i ne  t h i c k n e s s  e v e r y w h e r e  on the  h a l f - p l a n e  b o u n d a r y  in  a l l  c a s e s .  

C u r v e s  1-3 in F ig .  3 show the  c h a n g e s  in  t he  p a r a m e t e r s  of t he  m e d i u m  at  t he  s e c t i o n s  ~ = 0.5,  1, 3, 
r e s p e c t i v e l y ,  d e p e n d i n g  on the  d e g r e e  of  w a v e  p r o p a g a t i o n ,  w h i c h  a s y m p t o t i c a l l y  r e a c h e s  i t s  m a x i m u m  v a l u e  
(on the  f ront)  r e p r e s e n t e d  by  the  c u r v e s  1 fo r  t he  two c a s e s  c o n s i d e r e d  above.  

Hence ,  l e t  us  no te  t ha t  the  q u a n t i t i e s  p and u a r e  o b t a i n e d  s o m e w h a t  h i g h e r ,  and the  c u r v e s  f o r  v have  
i n t e r s e c t i o n s ,  in  the  c a s e  o f  n o n l i n e a r ,  a s  c o m p a r e d  w i th  l i n e a r ,  un loading .  

The  change  in  the  t a n g e n t  of the  ang le  of  s h o c k - f r o n t  i n c l i n a t i o n  to t he  m e d i u m  b o u n d a r y  is  shown in Fig .  
4, w h e r e  i t  i s  no ted  t ha t  t he  n o n l i n e a r  p r o p e r t i e s  of  the  m a t e r i a l  of  the  m e d i u m  r e s u l t  in  c u r v i n g  of the  w a v e  
f ron t  and the  f ron t  v e l o c i t y  d a m p s  out  a long  the  dep th  of the  h a l f - p l a n e .  The  g r e a t e s t  s l o p e  fo r  f ixed  ~ c o r r e -  
sponds  to  t he  c a s e  of  n o n l i n e a r  l oad ing  and u n l o a d i n g  of  the  m e d i u m .  The  c u r v e  c o r r e s p o n d i n g  to  the  c a s e  of 
j u s t  n o n l i n e a r  l o a d i n g  l i e s  be low the  c u r v e  of  n o n l i n e a r  l o a d i n g  and  un load ing ,  w h i l e  the  s t r a i g h t  l i ne  r e f e r s  to  
l i n e a r  t h e o r y .  

233 



o,s 

o 

-0,5 

-%0 

- 2 q 

, , o ~  I i 1 ,7=o 
I \ ~ J  Y i + �9 ! { 

i i ' L 
- o , 5 :  / I i t 

I / i  I ! -,,ol/ i_  I J 

+ 

o,5 , . . _ ~  ~ i 

o ~ 2 J 4 '7 

-0,5 

u;-p 

Fig. 1 Fig. 2 Fig. 3 

Therefore ,  the nonlinear dependence between the pa ramete r s  of the medium p and e resul ts  in broadening 
of the per turbat ion domain. 

The dependencebetween  the maximum value of the ver t ical  mass  flow ra te  component vmax and tan 
of the front is presented in Fig. 5, which conf i rms that if the wave front tends to the boundary of the medium, 
then Vma x grows. 

The dashed line with c i r c l e s  presented in Fig. 6 cor responds  to the distr ibution of the p r e s s u r e  p* along 
the front ~. for/32 = 0 for the case  of approximating the loading branch of the p ~ e d iagram by a chord passing 
through the points p -- 0 and p = P0. Depending on ~, this p r e s s u r e  curve is located above the p r e s s u r e  curve 
for nonlinear loading. 

Therefore ,  it is shown in an investigation of the influence of the nonlinear dependences between the 
pa rame te r s  of the medium on the s t r e s s  wave propagation there in  by the method of charac te r i s t i c s  that the 
nonlinear dependence between p and e resu l t s  in broadening of the per turbat ion domain - to enlargement  of 
the p r e s s u r e  and velocity in compar i son  with l inear theory.  In this case ,  the pa r ame te r s  p, u, and v as well 
as the shock-propagat ion  velocity in the medium under considerat ion become monotonically decreas ing  func- 
tions of the depth of the half-space.  

An investigation of the sy s t em of equations (2) showed that the problem can be solved by an analytical 
method for/32 = 0. Indeed, substituting the f i r s t  equation of (2) into the third,  we obtain a wave equation for 
t h e  velocity potential ~: 

a~9 0 ' 9 =  0 (~z = D__~ 2 _ ~,) (4) tt~0~ ~ ~ ~ t, cp = - 5 -  ' 

which has a solution of the fo rm 

~(~, ~) = h(~ - ~q) + h(~ + m0 (5) 

for D = ep. Here,  the unknown functions fl and f2 should be determined f rom the boundary condition (3) and the 
condition (1) on the wave front. It is proposed to solve this p rob lem below by a r e v e r s e  method, i.e., the wave 
front Z is given by a definite shape  of the sur face  and the appropria te  loading profi le  is determined during solu-  
tion of the problem. In this case  we obtain a Cauchy problem for (4) within a curvi l inear  sec tor  ~0Z, since if 
t h e  sur face  of the front E is given (in this case  the front velocity is considered a function decreas ing  with the 
depth of the half-plane),  then, taking account of (1), all the pa r ame te r s ,  including the velocity components u 
and v thereon  of the medium, will be known var iables  and have the following form for ~ = ~1 (~) : 

] l u = ~0f = __ D sin2 (z (~) L p--~- sin2 a (~) "- ~al , v =-b~~ D sift a (~) cos a (~). LP~ sin2 a (~) - - a ~  ~al , (6) 

TABLE 1 

" I I I  

0 
0,2 
0,4 
0,6 
0,8 
i,0 

--i,644 
--t,635 
--1,622 
--i,610 
--i,598 
--i,587 

--i,644 
--1,633 
--i,62i 
--t,610 
--t,598 
--1,587 

13,i00 
i3,040 
i2,953 
i2,876 
i2,800 
i2,725 

~)* 

I I  

t3,t00 
t3,02 
i2,95 
i2,87 
t2,80 
i2,73 

i05 
t04,412 
i03,542 
i02,787 
t02,038 
i01,293 

p *  

I I  

i05 
i04,2 
103,5 
i02,8 
i02,0 
i0i,3 

N o t e .  I) N u m e r l e a l  method of characteristics; II) analytic method. 
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TABLE 2 

v P 

I II I II I II 

0 
0,2 
0,4 
0,6 
0,8 
1,0 

--1,644 
--1,610 
--1,581 
--1,550 
--1,519 
--1,490 

--1,644 
--i,613 
--1,58t 
--1,551 
--1,520 
--1,490 

13,100 
12,944 
i2,780 
t2,62i 
t2,466 
12,3t4 

13,t00 
12,94 
12,78 
12,62 
12,47 
i2,32 

t05 
102,921 
t00,882 
98,888 
96,928 
95,009 

Note. I) Numerical method of characteristic% II) analytic method. 

t05 
t02,979 
100,937 
99,021 
97,042 
95,I27 

where  ~(~) is the equation of the front surface.  Using (6), f rom (5) we find 
zi 

D ~ tg a [F~ (zi)] {i • ~ tg a [F~ (z~)]} (D~ (z~) dzi~ (7) 
/~ (Z~) == ~ ~ - J  {i + tg 2 a [F~ (zl)]}2 

0 

where  r = (P0D2/a2-  ~ t /~2) tan2~[F i (z i ) ]  - a l / a 2 ;  Fi(z i) is the root  of the equation ~ • = zi; the 
upper sign in (7) is taken in the case  i = 1. Therefore ,  taking account of (7) and (5), an analytic solution of the 
problem is obtained in the domain ~ 0X. If this solution is substi tuted into (3), then a monotonically decreas ing  
load profi le  with a sharp  front at the origin should, in principle,  be obtained and the p rocess  of unloading the 
medium should be rea l ized in the per turbed domain. The resul ts  of computations show that the unloading p ro -  
cess  can be achieved in the sec tor  ~0X if the velocity of the wave front X is a damping function over  the half- 
plane depth (as is requi red  to prove). An analogous r e v e r s e  method can be applied in the problem of the un- 
loading wave [5]. 

As an i l lustrat ion of the method, the case  when the sur face  Z of the wave front is given in the fo rm of a 
second-degreepo lynomia l  is considered:  

~1(~) = tg %. ~ -- (b/2)~ ~. (8) 

The resul ts  of computations of the analytic method with (8) taken into account for t a n ~  0 = 0.1255, b = 
0.86 �9 10 -3 and of the method of charac te r i s t i c s  elucidated above a re  presented in Tables 1 and 2, f r o m w h i c h  
it is seen that the resu l t s  obtained by using both methods a re  in sa t i s fac tory  mutual agreement ,  and the load 
profi le  f(~) found by the r e v e r s e  method is monotonically decreas ing  along ~. 

The authors are  grateful  to Kh. A. Rakhmatulin for d iscuss ing the resul ts  of this research .  
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